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Abstract 

(N ■ 

£SJ ' We study the anti-self-dual equation for non-diagonal SU (2)-invariant 

metrics and give an equivalent ninth-order system. This system reduce to 
a sixth-order system if the metric is in the conformal class of scalar-flat- 
Kahler metric. 

t> 

(N 

1 introduction 

' The aim of this paper is to analyse scalar-flat Kahler metrics g in real dim- 

C^) , mension four admitting an isometric action of SU(2) with generically three- 

dimensional orbits. A scalar-flat Kahler metric is a metric with zero scalar 



X 



curvature which is Kahlerian with respect to a complex structure on M. It is 
automatically anti-self-dual with respect to the canonical orientation. 

Hitching shows that the S'(7(2)-invariant anti-self-dual metric is generically 
specified by a solution of Painleve VI type equation, and if the metric is scalar- 
flat Kahler it is specified by a solution of Painleve III type equation. Hitchin 
used the twistor correspondence to associate the anti-self-dual equation and 
Painleve equation. The lifted action of SU(2) determines a pre-homogenious 
action of SU(2) on the twistor space Z, and it determines a isomonodromic 
family of connections on CP 1 , and then we have Painleve equations. In this 
way, Dancer || analyse the scalar-flat Kahler metric with 5{7(2)-symmetry. In 
Hichin obtains a complete classification of anti-self-dual Einstein metrics 
admitting an isometric action of SU{2) with three-dimensional orbits. For the 
completeness analysis, it is impotant to have the explicit form of anti-self-dual 
equation. 

If the metric is diagonal, the explicit form of anti-self-dual equation is known, 
but if the metric is non-diagonal, it is known very little. For scalar-flat Kahler 
metric, complex structure is not known for non-diagonal metric. 

In Section || we show how non-diagonal metric is represented, and by use of 
the block form of curvature tensor given by Besse ||, we have the ninth-order 
system equivalent to the anti-self-dual equation. 

In Section || we establishes the relationship between S[7 (2)-invariant anti- 
self-dual manifold and the isomonodromic deformation. It is essentially equiv- 
alent to Hitchin's ansatz. Still in our way, we have the explicit form of the 
isomonodromic deformations, and we have the condition that the correspond- 
ing Painleve equation is type III. 
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In Section Q we show that the anti-self-dual equation reduce to Painleve III 
if and only if the metric admits an Hermitian structure. In this case, the anti- 
sclf-dual equation is equivalent to a seventh-order system, and it also admits 
Kahler structure, the seventh-order system reduce to a sixth-order system. 
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2 The non-diagonal anti-self-dual equations 

We can write the SU (2)-invariant metric in the form 

3 

g = f(r)dT 2 + 2J hi m (T)(Tia m , 

l,m=l 

where {<Ti, <72, C3} is a basis of left invariant one-forms on each 5[/(2)-orbit 
satisfying 

da 1 = a 2 A 03, g?<t 2 = 03 A a\, da$ = ay A a?,. 

Using the Killing form, we can diagonalize the metric g on each «SJ7(2)-orbit. 
Then we can express the metric as follows: 



2-2 
3' 



g = [abcydv + a l da{ + b a^ + era 
where t = i(r), a = a(t), b = b(t), c = c(t) and 




R(t) is 5'0(3)-valued function. 

Since (where * = 4A is so(3)-valued, we can write 



Rdt A 









) = R(t) I 


V ^3 J 







dt A 



for some 6 = 6 - 6(t), 6 = &(t). 

If £1 = 0, £2 = 0, £3 = 0, then the matrix (hi m ) can be chosen to be diagonal 
for all r, and then we say that g has diagonal form. 

In this paper we mainly study the non-diagonal case. 

To compute the curvature tensor we choose a basis for /\ 2 



^2 ' ^3 i ^1 ^2 ' ^3 }i 
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where 





= a 2 bcdt A 


0"1 


+ bca 2 A 5-3. 




= ab 2 cdt A 


cr 2 


+ ca <T3 A 01 


n+ 


= a&c 2 dt A 


CT3 


+ ab cti A (T2 




= a 2 bcdt A 


5-1 


— 6c CT2 A a 3 . 


^2 


= ab 2 cdt A 


rr 2 


— ca a 3 A cri 


^3 


= a&c 2 A 


CT3 


— a6 a 1 A era 



With respect to this frame, the curvature tensor has the following block form 
I 

A B 
l B D 

where s = 4traceD is the scalar curvature, W + = A — -rk s and W~ = D — ^ s 
are the self-dual and anti-self-dual parts of the Weyl tensor and B is the trace 
free parts of Ricci tensor. 

We set w\ = be, w 2 = ca, w 3 = ab and determine eti, a 2 , a 3 by 

wi = -w 2 w 3 + w 1 (a 2 +a 3 ), 

w 2 = —W3W1 + w 2 (a 3 + ai), (1) 

w 3 = -W1W2 + w 3 (ai + a 2 ). 

Calculating the condition A = 0, we have the following theorem. 

Theorem 2.1 The metric is anti- self- dual with vanishing scalar curvature if 
and only if a\,a 2 ,a 3 and ^1,^2,^3 satisfies the following equations: 

1 < 1 \,l/2 2\2 f si 

a>i = — a 2 a 3 + a 1 (a 2 + a 3 ) + - {w 2 — w 3 ) 



4 \w 2 w 3 



1 f.,,2 „,,2\/-q„,,2 1 „„2-i I ^2 



+ - A {w 2 3 -wi){iwi + w 2 3 ) 



1 t.,,2 ,„2\/q„„2 1 „„2\ ( ^3 



+ -(wi-w{){3w{+w 2 ) 



t \ z j. / \ ± ' Z / l 

4 



' 2 „,,2\2 



a 2 = — a 3 ai + a 2 (a 3 + a\) + -(w 3 — 



4 \w 3 wi 



1 /-..2 _..2\/o„..2 , ...2% f ^3 



4 \W1W2, 

i 1 / 2 2\/o 2 1 2\ I si 

+ 7W3 - w 2 )(3w 2 + w 3 ) 



' 2 „,,2\2 



a 3 = - aio 2 + a 3 (ai + a 2 ) + 7(^1 - w 2 ) 



4 V w\w 2 



^ C-,,2 ,.,2\/-Q„„2 1 „,,2\ I £l 



+ t( w 2 - w 3 )(3w 3 + io 2 ) 

4 \W2W3 

. 1 / 2 2\/n 2 1 2\ I ^2 

+ -A w i ~ w 3 )(3w 3 + Wl ) 



4 V 1 ly \w 3 wi 
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I 2 2\ ^ ( £l 
(w 2 - W 3 )— 



dt \W3W1 



{w 2 3 -w{)- 



?2 £3 / 2 .2 1 22, 22n 

: ( — 2w 2 w 3 + W 3 W 1 + W 1 W 2 ) 

W3W1 W1W2 

H — — (ct2wl — a^w 2 + 3a2wl + 3a3wl), 

W2W3 



W1U>2 W2W3 



1 / o 2„ 2 1 22, 2 2\ 

— (—2w 3 w 1 + w 1 w 2 + w 2 w 3 ) 



2\ d ( £3 



(w 1 -w 2 )- 



H (03^1 — aitUi + 3a3Uii + 3aiu> 2 ), 

W 3 W! 

6 6 



6 



/ o 2 .2 , 22, 2 2\ 
{—2w 1 w 2 + W 2 W 3 + W 3 W 1 ) 



(3) 



H (aiw, — a2t«2 + 3aiw 2 + 3oi2wf). 

w±W2 

Remark 2.2 If f x = 0, 6=0 and £3 = tfien the system (@), (|), (|) 
reduce to a sixth-order system given by Todjfy. Furthermore, if ol\ = Wi,a% = 
^2)Qi3 = w 3 then (|]) , ( 2 ) , (|^) reduce to a third-order system which determines 
Atiyha-Hitchin family and if ct\ = 0, 012 = 0, a 3 = t/ien i/ie system reduce 
to a third-order system which determines BGPP family W. 



Remark 2.3 If w% = w 3 , then we can set £1 = 0, £2 = and £3 = by 
taking another flame. This is also a diagonal case. Therefore we assume (u)2 — 
w 3 )(w 3 - wi)(u>i - w 2 ) ^ 0. 



3 The Isomonodromic Deformations and Painleve 
equation 

Let (M, g) be an oriented Riemannian four manifold. We define Z to be the unit 
sphere bundle in the bundle of self-dual two-forms, and let tt : Z — > M denote 
the projection. Each point z in the fiber over tt(z) defines a complex structure 
on the tangent space T„r z \M, compatible with the metric and its orientation. 

Using the Levi-Civita connection, we can split the tangent space T Z Z into 
horizontal and vertical spaces, and the projection tt identifies the horizontal 
space with T n t z \M . This space has a complex structure defined by z and the 
vertical space is the tangent space of the fiber S 3 = CP 1 which has its natural 
complex structure. The almost complex structure on Z is integrable if and only 
if the metric is anti-self-dual ^ ^] . In this situation Z is called the twistor space 
of (M, g) and The fibers are called the real twistor lines. 

The almost complex structure on Z can be determined by the following 
(1, 0)-forms: 

01 =z(e 2 + V-Te 3 ) - (e° + V-Ie 1 ), 

6 2 =z(e° - V^Te 1 ) + (e 2 - V^Te 3 ), 

6 3 =dz + - z 2 - uj 3 + V=l (wg - u\ ) ) ^ 
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where {e°, e , e 2 , e 3 } is an orthonormal flame, and u>j are the connection forms 

determined by de 1 
condition is 



ujj A e> = and 



= 0. Then the anti-self-dual 



d©i = 0, d0 2 = 0, d© 3 = 

If the metric is SU(2) invariant, we can write 




Vl 




(1 


V 2 


\dt + A | 


C 2 


V 3 , 




V CT 3 



(mod 0i, e 2 , e 3 ). (5) 



(6) 



where V\ = vi(z,t), v 2 = v 2 (z,t), v 3 = v 3 (z,t); A = (aij(z,t)) i j=12 3 . 
If detA = 0, then metric is in the BGPP family j|. 
If det^4 ^ 0, then we can write 






and then 



ft 1 




( ft A ft 


ft 


H 


ft A ft 


^3 J 




V ft A <T 2 



Since ft, ft, ft are one-forms on (z,t)— plane, 

d 



If we set 



1 

71 





/ ft A ft 




J = ft A ft 


ft J 


V ft A <T 2 




"^Tft ft + 


ft + 


V^Tft V 


dz - 


B 2 dt, 




f EAE = 0. 



/pift 
-lft 



then 

This is the isomonodromic condition of the equation 

= 0. 



±_ Bx 

dz 



B\ has poles on {z \ detA = 0}. 

Lemma 3.1 detA — is equivalent to the following equation 



(7) 



(8) 



(9) 

(10) 
(11) 

(12) 
(13) 



(( 



a 2 + a 3 ) 



-lXi) - 2z 3 (X 2 - \Z-1X 3 ) + 2z 2 (-2ai + a 2 + a 3 ) 

+ 2z (X 2 + V^IX 3 ) + ((oa + 03) + \/ z lX 1 ) = 0, (14) 



wht 



X x 



X 2 



W 2 W 3 



W 3 Wl 



he 
— S2, 



WiW 2 
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For this lemma, generically B\ has four simple poles. 

Theorem 3.2 The anti- self- dual equation on SU (2) — invariant metrics gener- 
ically reduce to a Painleve VI type equation. 



Remark 3.3 If z = C is a solution of the equation then z = — 1/C is also a 
solution. Therefore the equation is compatible with the real structure of twistor 
space. 



Remark 3.4 The idea of Hitchin is that the lifted action of SU(2) on the 
twistor space Z gives a homomorphism of vector bundles a : Z x su(2) c — > 
TZ, and the inverse of a gives a flat meromorphic S L (2 , C)- connection, which 
determine isomonodromic deformations, we can think that one-forms ©i, O2, 63 
on Z are infinitesimal variations, therefore we can identify £ with aT x . 



Lemma 3.5 Let g be a non-diagonal SU {2) -invariant metric. Then (jlj) has 
two solutions of order two if and only if there exists a function f(t) satisfying 

Xf=A(f -a 2 )(f -a 3 ), 
Xf =4(/-a 3 )(/-ai), 
Xf =4(/ -<*!)(/ -a 3 ). 

And then the anti-self-dual equation reduce to ([!]), (||) and f = f 2 . 
Proof. 



We can write (14) as 

az 4 - bz 3 + cz 2 + bz + a = 0, (15) 

where a, b are complex coefficient and c is a real coefficient. By an linear frac- 
tional transformation 

( b -\ b \)C-b+\b\ 

x (-b+\b\)<-b+\b\ (16) 

preserving the real structure, we can write ( |l4| ) as 

C 4 - b ( 3 + coC 2 + b ( + 1 = 0, (17) 

where bo is a complex coefficient and cq is a real coefficient. Since this equation 
is also compatible with the real structure, if £ = Co is a solution of order two 
then £ = — 1/Co is also a solution of order two. Therefore 

C 4 - bo( 3 + coC 2 + b ( + 1 = (C - Co) 2 (C + 1/Co) 2 , (18) 

then we have Co ( — 1/Co) 2 — 1 an d then Co = ±Coj which implies Co is real or 
pure-imaginary. Therefore bo must be real or pure-imaginary. Calculating this 
condition, we have the Lemma. 
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4 The Hermitian Structure 



Hitchin || shows that if a metric is scalar-fiat Kahler but not Hyper-Kahler, 
then the anti-self-dual equation reduce to a Painleve III type equation. We can 
interprets this result as the following result. 

Corollary 4.1 If a metric is scalar- flat- Kahler but not hyper-Kahler then the 
equation ( |l4| ) has two double zeros. 



Therefore we analyze the case (14) has two double zeros. 

Let z = z(t) is a solution of (|l4|). If we restrict (l,0)-forms 61,82 on 
Z to z = z(t), we have (1, 0)-forms on M, which determine an almost complex 
structure on M. Analyzing this almost complex structure, we have the following 
theorem. 

Theorem 4.2 Let g be an SU (2) -invariant anti- self- dual scalar-flat metric. 
There exists a SU (2) -invariant hermitian structure (g,I) if and only if (Q) 
has solutions of order two. 

proof. 

Let (g, i) be a SU (2)-invariant hermitian structure. The complex structure 
I is determined by (l,0)-forms 9i| z=2 m and ©2| z — ,(t)> where z = z(t) is a 
function on M depending on t only. Since the complex structure is integrable, 
3L =2(t) = (mod @i\ z=z{t) , e 2 | z=z(4) ). Therefore we have 



dz \ z=z(t) = \ ~ (-"2 + «3 + V-l^l) Z 6 



1 / wf „ , — - wi „ \ 2 V— I 



A 2 + V-l 2 1 2 ^3 ) ^ + ^^XxZ 



2 \ Wj — wf wf — w 2 

1 



-A 2 - V-l 



2 V w$ — wf — w 2 



4 



(aa -a 3 + V^lAx) z 3 }tft (19) 



On the other hand, since ®3\ z =zU) =0, z= z(t) is a solution of (|lj). Moreover 
if we substitute z — z(t) and ( |l?j) i nto the derivative of left hand side of (|l4|), 
it also becomes zero. Therefore (|1J) has solutions of order two. 

Conversely, let z = z$ be a solution of order two, then from lemma |3.l| we 
have 



_ A 2 A 3 ± yj Af Af + Af a| + x\x\ 

Z ° - AMAW=T^ ' (20) 

if XxA^Xj 7^ 0. And then we have @a\ z=z m = 0- Therefore the almost complex 
structure determined by the (l,0)-forms 6i| z=z ( t ) and @2| z=z (t) is integrable. 

If A!A 2 A 3 = 0, / must be a\, a 2 or a 3 . Let / = ct\, then we have A 2 = 
and A 3 = 0, and then 



y/ct3 - Ctl + V-lV a 2 - Oil 

ZO = / , FS = > ( 21 J 

V«2 + «3 + 2«i 

and then @3 U =z (() = 0- ln this case the almost complex structure is also 
integrable. 
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Theorem 4.3 The hermitian structure (g, I) determined by theorem 4.2 is Kdhler 
if and only if 

X% = 4a 2 a 3 , X$ = 4a s ax, Xf = 4 ai a 2 . (22) 

proof. 

If XiX 2 X 3 7^ 0, the Kahler form is determined by (^0|) as 
O. = — W3 Q+ 

V ^2^3 + -^3^2 + -^1-^2 



L 3 

=0+ 



V ^2^3 + ^3^2 + "^1^2 



V -^2^3 + "^3^2 + X 1 X 2 

By the anti-self-dual equations (|l|) , (||) , (^) , we have 

dn 2 = J == = dt A a 2 A 5 3 

V -^2^3 + -^3^2 + x x x 2 
2fw 2 X 3 X 1 

dt A (73 A (Tl 



V A 2 A 3 +^-3 A 2 +^-1^-2 



H j^^^^^^=^^^^^^= dt A (Ti A a 2 . 

V X 2 X i + x l x 2 + -^1-^2 

Since W1W2W3 7^ and X\X 2 X 3 7^ 0, we have dQ. = if and only if / = 0. 

If X\X 2 X 3 = 0, then / must be a\,a 2 or 0:3. Let / = a\, then X\ = 
4(a2 — ai)(a 3 —Q!i), X 2 — 0, X 3 = 0. The Kahler form is determined by 
as 



n= V Q2 - Ql + - ^-^=nt. (23) 

Va2 + «3 — 2ai Vtt2 + 03 — 2ai 



Then 



rfO = — p= =cfe A a 3 A ai H dtAaiAa 2 . (24) 

Va2+a3^ 2«i va 2 + a 3 — 2«i 

Since the metric is non-diagonal, X\ = 4(a 2 ~ a.\)(a. 3 — a.\) 7^ and then dfl = 
if and only if ot\ = 0. 

Remark 4.4 // the metric is scalar-flat Kahler, the anti-self-dual equation re- 
duce to a sixth-order equation. 
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